ANALYTIC RIGIDITY OF K-TRIVIAL EXTREMAL CONTRACTIONS OF SMOOTH 
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Abstract. We discuss the problem of classifying birational extremal contractions of smooth threefolds 
where the canonical bundle is trivial along the curves contracted, in the case when a divisor is contracted 
to a point. We prove the analytic rigidity of the contraction in the case this divisor is normal of degree > 5 
(i.e. we show that the analytic structure of the contraction is completely determined by the isomorphism 
class of the exceptional locus and its normal bundle in X). This was previously known only in the case of 
smooth exceptional locus. 



1. Introduction 

In the minimal model program, the study of certain types of birational contractions, called extremal, is 
of central importance. In |2^, S. Mori studied and classified birational extremal contractions (p: X — > Y 
of smooth threefolds X where the canonical bundle of X is negative along the fibers of the contraction. 
His classification in the case the exceptional locus Exc{if) is a divisor includes the following results: When 
Exc{ip) contracts to a curve on Y, Exc{(p) is a P^-bundle over the base curve and Y is smooth. When 
Exc{(p) contracts to a point q £ Y, it is either P^, x P^ or a singular quadric, with specified normal 
bundle, and X is the blow-up of q on Y; in this case the analytic structure of the neighborhood of Exc{^p) is 
uniquely determined by the isomorphism class of Exc{ip) and its normal bundle in X . We call this feature 
the analytic rigidity of the contraction (see Definition |2.2| ) . 

In this paper we attempt to give a similar description for birational extremal contractions of smooth 3- 
folds in the K -trivial case, i.e. where the canonical bundle is numerically trivial on all the curves contracted 
(see §^ for a precise definition) . Our main result is 

Theorem 1.1 (Main Theorem). Let X be a smooth projective 3- fold over C and let ip: X — > Y he a 

K-trivial birational extremal contraction onto a normal projective variety Y , contracting a divisor D <Z X 
to a point q £ Y . Suppose D is normal, and (w|)) > 5. Then the contraction ip is analytically rigid. 

This way we obtain the classification of K-trivial extremal contractions in terms of the exceptional divisor 
D and its normal bundle Afn/x in ^ in the case when D is normal with d = {uj%) > 5, contracting to a 
point. As the exceptional locus is a normal rational (possibly singular) del Pezzo surface D of degree d > 5 
with normal bundle isomorphic to lod (see §^ , we obtain a finite list of possible contractions up to analytic 
isomorphism. 

Although extremal contractions are algebraic objects, establishing algebraic classification would lead to the 
problem of finding moduli of algebraic objects, which is global in nature, while the classification of extremal 
contractions should be local in nature. From this point of view, we may regard analytic classification as the 
best possible result. 

As the result of analytic rigidity shows, in order to know the analytic structure of the contraction, it is 
sufficient to construct one example for each possible exceptional locus. No algebraic examples are known 
except when I? is a nonsingular del Pezzo surface of degree 6 (]2^). In §0 we present an example of an 
embedding of a singular del Pezzo surface of degree 7 into a smooth projective 3-fold such that the canonical 
bundle of the ambient space is numerically trivial on D. By Fujiki's contraction theorem, D can be contracted 
analytically, giving us an analytic i^-trivial contraction. Similar constructions can be carried out for each 
possible exceptional divisor D (any normal rational del Pezzo surface of degree d> 5). 

JC-trivial extremal contractions have been studied by M. Gross {^^) and P.M.H. Wilson (^^). Their 
analysis in the case when the exceptional locus D is a divisor contracting to a point includes a description of 
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the (possible) exceptional loci, and the description of the analytic structure (and in particular establishing 
the analytic rigidity) in the case when D is nonsingular with {oj'jj) > 5. The analytic rigidity in the case 
when D is non-normal or (ojjj) < 4 is not known. Wilson also describes the possible contractions in the 
case when the exceptional locus D contracts to a curve. Small if-trivial birational extremal contractions 
of smooth 3-folds (i.e. when the exceptional locus is a collection of curves ) are three-dimesional flopping 
contactions; these were studied in [|l9j and | p7[ |. 

Even in the surface case, the condition of if-negativity or X-triviality is essential for analyitic rigidity. In 
Laufer gives a complete list of taut surface singularities (i.e. normal 2-dimensional singularities that are 
completely determined by the weighted dual graph F of the exceptional locus E of the minimal resolution). 
He also lists those singularities which are determined by the weighted dual graph and the analytic structure 
of E, and states that the singularities obtained by contractions of curves of general type are not determined 
by r and the analytic structure of E. 

We outline below the proof of the Main Theorem: 

By [ pr] , Th. 3], the proof of analytic rigidity is reduced to showing that any two embeddings of D into 
smooth complex 3-folds with normal bundles isomorphic to Od{Ku) are formally equivalent. Suppose now 
that we have two iiT-trivial extremal contractions ip : X — > Y and ip' : X' — > Y' , with isomorphic exceptional 
divisors D and D', and such that Md/x — ^d'/x'- To prove the formal equivalence, we first show that if 
H^{D,Tu ^lo/T'i)) = 0, then the two embeddings D C X and D' C X' are 2-equivalent, i.e. we have an 
isomorphism of the ringed spaces {D, Ox /I'd) and (£>', Ox' /1d')^ where Id denotes the ideal sheaf of D in 
X. Then we can obtain a formal equivalence by showing that the obstruction spaces H^{D,Tx /I'^^^) 
to extending a z^-equivalence {v > 2) io a v + 1-equivalence vanish for any v > 2. The vanishing of both 
H'^{D,Td ®Td/1d) and H^{D,Tx (8)X^/Ij^+^) is reduced to showing H^{D,Td) = using properties of 
del Pezzo surfaces. This last vanishing is then proved using an explicit description of normal rational del 
Pczzo surfaces. 

Remark 1.2. We should note that our results about formal equivalence hold over any algebraically closed 
field of characteristic 0. However, over an arbitrary field there is no notion of analytic rigidity (and in 
particular we dont't have [ pT| Th. 3]). Over an arbitrary field, formal equivalence implies only equivalence 
in the etale topology (H, Th. (4.6)]). 

Conventions /Notations. 

1. We are working over the field of complex numbers C. 

2. For an algebraic variety D, we denote by Td its tangent sheaf Tiomo^ (il]^, O^)). In case it exists (for 
example if D is Cohen-Macaulay) , we denote the canonical sheaf of D by ujd- If is locally free, we 
denote by Kd the (linear equivalence class of the) canonical divisor of D. 

3. For a coherent sheaf on D, we denote h^{D,T) = dim H'' {D , !F) . 

4. We denote the intersection number of a (Cartier) divisor A and a curve C by (A • C). 

5. For any variety X, we denote by NE{X) the closure of the cone of effective 1-cycles on X. 



2. Preliminaries 

2.1. X-trivial extremal contractions. 

Definition 2.1. Let X be a smooth projective n-fold over C and ip: X — > Y a birational morphism onto 
a normal projective variety Y such that the exceptional locus D oi ip in of codimension 1 and such that 
di'nnp{D) = 0. We call the contraction ip> 

(PI): extremal if all the curves contracted by Lp are numerically proportional, i.e. given two curves 
C and C" contracted by ip, there is a rational number r such that for any divisor E in X , we have 
[E-C')=r{E-C). 

(P2): iiT-trivial if the canonical bundle on X is numerically trivial on all curves contracted by i.e. 
{Kx • C) = for any curve C contracted by (/3 to a point. 

Note that the condition (PI) implies that the exceptional locus D is an irreducible divisor (Proposition 
^.4|) , and hence ip contracts to a point g e F. 

Definition 2.2. The contraction ip is called analytically rigid if its analytic structure is uniquely deter- 
mined by the isomorphism class of Exc{ip) — D and its normal bundle JVd/x in More precisely, suppose 
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Lp' : X' — >Y' is another birational map on a smooth projective 3- fold X' with exceptional locus D' , con- 
tracting D' to a point q' G Y' . If D ~ D' and we have an isomorphism of normal bundles Afn/x — J^D' /x'i 
then analytic rigidity of ip means that there are open (analytic) neighborhoods U oi D m X and U' of D' in 
X' over which the contractions (p and (/?' are analytically isomorphic, i.e. we have the following commutative 
diagram (in the analytic category): 

D a u - U' D D' 



q e ip{u) ~ ip'{u') 9 q' 

Remark 2.3. A priori our definition (PI) of an extremal contraction is different from the one generally 



found in the literature, namely the "contraction of an extremal ray". However, by Proposition 2.4 below, 
(PI) and (P2) imply that the birational map tp is the contraction of an extremal ray R with respect to 
Kx + e-D, for any < e, where R := M+[C] for any curve C C D. 

Proposition 2.4. Let X be a nonsingular projective variety of dimension n, and let ip: X — > Y be 

a birational extremal contraction. Let D denote the exceptional locus of p (with the reduced structure). 
Suppose that codimx D ~ 1 and d\mip{D) = 0. Then D is irreducible and —D is if -ample. Furthermore, (/? 
is the contraction of an extremal ray of the cone NE{X). 

Proof. Suppose that there are two distinct irreducible components Di and D2 of D, with codim^ Di = 1. 
Let Hi, H2, . . . Hn^2 C X be general hyperplane sections of X. Let H — H^^-^Hi. Then H is a, smooth 
surface and H D Di is an irreducible curve Ci on Di. Then 

{Di ■ Ci)x = {Di\h ■ Ci)h = {CDh < 

by the negativity of self-intersection of contractible curves. Now, if C2 C D2 is a curve that is not contained 
in Di, we have that {Di -02) > 0. But this contradicts the fact that (p is extremal, because Ci and C2 cannot 
be numerically proportional. Therefore D is irreducible and for any curve C C D we have (D • C) < 0. 

In order to show that —D is (/3-ample, we only need to show that the divisor —D\d is ample on D (]lT|, 
Theorem IIL4.7.1.]). Then, by Kleiman's criterion of ampleness, it is enough to show that {~D ■ Z) > for 
any Z G TTE{D). 

The curves of D are numerically proportional on X , therefore Z = rCi on X for some positive rational 
number r, since Z ^ in NE{D). Therefore {—D ■ Z) — —r{D ■ Ci) > 0, and hence —D is relatively ample 
and the divisor ~D\d is ample on D. 

In order to show that is a contraction of an extremal ray, let A be an ample divisor on Y. Then, 
by the contraction theorem of extremal rays (|^), the face {ip*A)-^ of 1-cycles intersecting trivially with 
ip*A in NE{X) contains an extremal ray R (i.e. an edge of the cone NE{X)) and we have a contraction 
contfi : X — > Y' of the extremal ray R. 

But any curve C in i? is contracted by (p>, because (</5* A • C) = 0. Therefore C is numerically proportional 
to the curve Ci in _D, and hence the extremal ray R is generated by Ci. Therefore ip and contu contract 
the same curves. This implies ip = contn. □ 

Now we consider again our situation: let X be a smooth projective 3-fold and (p: X — >Y a A'-trivial 
birational extremal contraction, contracting a divisor D to a point q Cz Y. 

2.2. Description of the exceptional divisor D. By the adjunction formula, 
(2.1) Od{-Kd) ^ Ox{-{Kx + D))\d = Ox{-D)\d, 

and hence Od{—LCd) is ample on D, because —D is (/j-ample. Also, D has only Gorenstein singularities, 
being a (Cartier) divisor on a smooth 3-fold. Therefore _D is a so-called del Pezzo surface (i.e. Gorenstein 
with ample anticanonical bundle) of degree d = {Kjj). Note that we allow the del Pezzo surface D to be 
singular. 

By Theorem 5.2], the possibilities for the exceptional divisor D are further restricted by its degree 
and singularities; D is either 

1. a normal and rational del Pezzo surface of degree 5 < d < 9 or 

2. a non- normal del Pezzo surface of degree = 7 or 
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3. a normal del Pezzo surface of degree d < 4 (rational for d = 4). 

In order to obtain information about the normal bundle A/jj/x of _D in X, note that the equivalences (2.1) 
above also show that Mujx is numerically equivalent to Od{Kd)- In fact, we have that Md/x — Od{Kd) 
(using that the Euler characteristic is a numerical invariant Cor. 09] and xi^o) = 1 for del Pezzo 
surfaces ) . 

2.3. The singularity at g e F. Because ip: X — > Y is iiT-trivial and extremal, the singularity q €Y \s 
a rational Gorcnstcin singularity (i.e. it is Gorenstein, and (p^^Kx = Ky)- According to |2^, to an isolated 
rational Gorenstein 3-fold point q one can attach a natural number A; > such that 

1. if fc = then g e y is a cDV point. 

2. if fc = 1 then g e F is a hypersurface singularity that is locally of the form a;^ + + f(y,z,t) = 0, 
where / — yfi{z, t) + f^^z, t) and /i (respectively /2) is a sum of of monomials z'^t'' of degree a + 6 > 4 
(respectively > 6). 

3. if fc = 2 then 5 g F is a hypersurface singularity that is locally of the form + /(y, z, t) — 0, where / 
is a sum of of monomials of degree > 4. 

4. if fc > 3 then multg Y = k and the embedding dimension of g e 1^ is fc + 1. In particular, for fc = 3, 
(7 G y is still a hypersurface singularity, and for fc = 4 it is a complete intersection. 

Remark 2.5. Prop. (2.13)] implies that if the exceptional locus oi p: X — > y is a del Pezzo surface of 
degree d, then the invariant fc is equal to d. We also have that X is the (weighted) blow-up of F at g ( p6| , 
Theorem (2.11)]). In particular, when c? > 3, X is the blow-up of Y at q. 

3. Normal rational del Pezzo surfaces of degree > 5 
3.1. General information about del Pezzo surfaces. 

Definition 3.1. A 2-dimensional (possibly singular) projective variety D is called a del Pezzo surface if it 
has only Gorenstein singularities, and its anticanonical sheaf o;^ is ample. We call the intersection number 
d= {ojd^) the degree of the del Pezzo surface D. 

Normal rational del Pezzo surfaces were classified by Hidaka and Watanabe in ||l^; non-normal ones by 
Rcid in ||2^ . In this section we enumerate some facts that will be used subsequently in our proof of analytic 
rigidity 

Let D be a normal del Pezzo surface of degree d and tt: D — *D a minimal resolution of D. Then D 
is either a cone over an elliptic curve, or D is rational. In the latter case, D is either (d = 9), P^ x P^ 
(d = 8) , a singular quadric in (d = 8) , or its minimal resolution D is the blow-up of 9 — d points in almost 
general position on P^ ([0)- Note that if d > 3, then lo^ is very ample and its global sections yield an 
embedding of D into P'' as a subvariety of degree d. This embedding defines a projectively normal variety 
and is defined by quadric equations except for the case d = 3 (||l^. Theorem 4.4]). 

Proposition 3.2. |l^. Prop. 4.2] Let D he a normal del Pezzo surface. Then 

1. The anticanonical system \ — Ko\ of D contains a nonsingular elliptic curve. 

2. H\D,ODi'^KD)) = for all u e 

3. If degD— d, then 

1 ifv>0 



dim W'{D,Od{-i^Kd)) 




ifv<Q. 



3.2. Singularities of normal rational del Pezzo surfaces of degree > 5. In the following, we present 
a complete description of the configurations of points the blow-up of which gives the minimal resolution of 
a normal rational del Pezzo surface of degree d > 5. 

Notation. For convenience, we introduce the following notations/definitions (|^): Let S — 
be a finite set of points on P^ (infinitely near points allowed) and assume that < 8. Denote by Si the 
subsystem {pi, . . . ,pi], 1 < i < r, and let V{^i) — >P^ be the blow-up of P^ with center E^. Then there 
exists a sequence of blow-ups 

v{j:) = y(s„) i^(s„_i) ^ . . . ^ y(Ei) ^p2. 

Denote by Ei C V{Y,i) the exceptional locus of the morphism V{I]i) — > V{Y,i-i). 
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Definition 3.3. III. 2] The points of S are in general (respectively almost general) position if 

1. No three (resp. four) of them are coUinear. 

2. No six (resp. seven) of them are on a conic. 

3. All the points are distinct (resp. for all 1 < z < r, the point p^+i S V{T,i) does not lie on any proper 
transform Ej of some Ej, 1 < j < i, with (Ej) = — 2). 

4. When |S| — 8, there exists no singular cubic which passes through all the points of S and has one of 
them as the singular point (no corresponding condition in the almost general case). 

Let D be a normal rational del Pezzo surface of degree d > 5 and let tt : D — > D be its minimal resolution. 
Suppose D is not x or a singular quadric in P'^. Then D ~ V{T^) for some set I] of 9 — d < 4 points in 
almost general position on P^. 

Up to a projective automorphism of P^ (and its extensions to the blow-up spaces), there are 22 different 
configurations of at most 4 points in almost general position (including S = 0, when D ~ P^). Below we 
describe these configurations (giving a representative for each configuration) and the corresponding blow-ups. 

Fix the homogeneous coordinates [xq: xi : x-^ on P^. Then on the afhne open [/q = {^^o 7^ 0} ~ we 
have local coordinates x := — and y := In the following, all blow-ups will be of (possibly infinitely near) 

Xq Xq 

points of Uo C P^. For any point p & Uq, we have the natural coordinates on the exceptional locus £ of the 
blow-up Blp Uq, using £ ~ F{TpUo) ~ P(A^) ~ P^. For a point q S Blp Uo we write q — if q is infinitely 
near to p, i.e. if g G 

3.2.1. Blowing up one point. 

3.2.1.1. Let El = {pi}, where pi G P^ and let a^: Si ^ V(Y.i) — >F'^ be the blow-up of pi on P^. Up to a 
projective automorphism of P^, we can assume pi = [1 : : 0]. 

3.2.2. Blowing up two points. 

3.2.2.1. Let = El U {^2}, where p2 G P^ and p2 ^ pi- Let (T2 : ^2 = U(E2) — > Si be the blow-up of p2 
on 5*1. Up to a projective automorphism of P^, we can assume pi = [1 : : 0] and p2 = [1 : : 1]. 

3.2.2.2. Let E7 = Ei U {^2}, where p2 — >pi. Let aj: S7 ^ ^^(Ey) — > Si be the blow-up of p2 on Si. Up 
to a projective automorphism of P^ (and its lifting to a projective automorphism of l/(Ei)), we can assume 
pi = [1 : : 0] and p2 = [1 : 0] G PiTp.P^) C F(Ei). 

3.2.3. Blowing up three points. 
Case. The three points are on P^ 

3.2.3.1. Let E3 = S2 U {ps}, where ps G P^ and pi,p2,P3 are not colhnear. Let a^: S3 = V^(E3) — > S2 be 
the blow-up of ps on S2. We can assume pi = [1 : : 0], p2 = [1 : : 1] and ps ~ [1 : 1 : 0] . 

3.2.3.2. Let E4 = E2 U {pa}, where p^ G P^ and pi,p2,Pz are collinear. Let 0-4 : S^ — V{Tj4) — > ^2 be the 
blow-up of p3 on 52- We can assume pi [1 : : 0], p2 = [1 : : 1] and p3 = [1 : : — 1] . 

Case. Two of the three points are on P^ 

3.2.3.3. Let E5 = E2 U {ps}, where P3 — >pi and such that pi,p2,P3 are not collinear. Let a^: S5 — 
^(Es) — > S2 be the blow-up of ps on 5*2. We can assume pi = [1 : : 0], p2 = [1 : : 1] and ^3 = [1 : 0] G 
P(Tp,p2) C T/(E2). 

3.2.3.4. Let Eg = E2U{p3}, where p3 — such that pi,p2,P3 are collinear. Let erg : 5*6 = V^(Eg) — > 6*2 be 
the blow-up of p3 on 52- We can assume pi = [1 : : 0], p2 = [1 : : 1] and = [0 : 1] G P{Tp,P^) C 1^(E2). 

Case. Only one of the three points is on P^ 

3.2.3.5. Let Eg = Ey U {^3}, where p^ — >p2 — >pi, and Pi,P2,P3 are not collinear. Let as - Ss = 
^(Es) — > S7 be the blow-up of ps on 5*7. We can assume pi = [1 : : 0], p2 = [1 : 0] G F{Tp,F^) C V"(Ei) 
and p3 = [1 : 1] G P(rp,^(Ei)) C ^(Ey). 

3.2.3.6. Let Eg = Ey U {^3}, where p^ — >p2 — >Pi and pi,p2,P3 are collinear. Let o-g : 5g = V^(Eg) — > 6*7 
be the blow-up of P3 on 5*7. We can assume pi = [1 : : 0], p2 = [1 : 0] G P(TpiP2) c ^(Ei) and 
P3-[l:0]GP(rp,T/(Ei))cV^(E7). 
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3.2.4. Blowing up four points. 
Case. All four points are on 

3.2.4.1. Let S3 = S3 U {^4}, where P4 e P^, with no three points collinear. Let a'^: S'^ = ^(Sg) — > ^3 be 
the blow-up of P4 on ^3. We can assume pi = [1 : : 0], P2 = [1 : : 1], ps = [1 : 1 : 0] and P4 = [1 : 1 : —1] . 

3.2.4.2. Let S4 = S4 U {^4}, where p^ € P^, with pi, p2 and pa collinear. Let 0-4 : 6*4 = F(S4) — > S4, be 
the blow-up of p4 on ^4. We can assume pi = [1 : : 0], p2 = [1 : : 1], P3 = [1 : : — 1] and p4 = [1 : 1 : 0] . 

Case. Three of the points are on P^ 

3.2.4.3. Let S3 = S3 U {p4}, where p4 — >pi and such that no three points are collinear. Let 0-3 : S'^ = 

^(S") — > 5*3 be the blow-up of p4 on ^3. We can assume pi = [1 : : 0], P2 = [1 : : 1], ps = [1 : 1 : 0] and 

P4 = [1 : 0] G P(rp,p2) c ^(Sa). 

3.2.4.4. Let S^" = Sa U {p4}, where p4 — >pi and pi,P2,P4 are collinear. Let a'^ : S'^' = V{Y.'^') — ^83 
be the blow-up of p4 on 5*3. We can assume pi = [1 : : 0], P2 = [1 : : 1], ps = [1 : 1 : 0] and 

P4 = [0 : 1] e P{Tp,¥^) C y(Sa). 

3.2.4.5. Let S4 = S4U{p4}, where p4 — >pi and is not collinear with pi,p2,P3. Let 0-4: = V{'E'l) — * S4 
be the blow-up of P4 on ^4. We can assume pi = [1 : : 0], P2 = [1 : : 1], pa = [1 : : —1] and 

P4 = [1 : 0] e P(Tp,p2) c y(S4). 

Case. Two of the points are on P^ 

3.2.4.6. Let S5 = S5 U {p4}, where P4 — >P2 and such that no three points are coUinear. Let (t'^'- S'^ = 
V{T,'^) — > S5 be the blow-up of P4 on 5*5. We can assume pi = [1 : : 0], P2 = [1 : : 1], P3 = [1 : 0] e 
P(Tp,p2) C y(S2) and P4 = [1 : 0] e P(Tp,p2) c ^(Ss). 

3.2.4.7. Let Sg = S5 U {P4}, where p4 — >p3 — >pi and such that no three points arc collinear. Let 
a'^: S'^ = F(S^') — >S5 be the blow-up of P4 on 5*5. We can assume pi = [1 : : 0], P2 = [1 : : 1], 
Pa = [1 : 0] e P(Tj„p2) c y(S2) and p4 = [1 : 1] e F{Tp,{V{E2)) C ^(Ss). 

3.2.4.8. Let S^;" = S5U{p4}, where P4 — ^pa — >pi andpi,pa,p4 arc collinear. Let a'^' : 5*5" = V{Y.'^') — > 5*5 
be the blow-up of p4 on ^5. Wc can assume pi = [1 : : 0], P2 = [1 : : 1], pa = [1 : 0] e F{Tp^¥^) C F(S2) 
and p4 = [1 : 0] e F{Tp^{Vi^2)) C V^(S5). 

3.2.4.9. Let Sg = S6U{p4}, where p4 — >p2. Let ag : 5g = V'(Sg) — > Sq be the blow-up of p4 on Sq. We can 
assume pi = [1 : : 0], P2 = [1 : : 1], P3 = [0 : 1] e P(Tp,p2) c V{T,2) and p4 = [1 : 0] e P(Tp,p2) c F(Sg). 

3.2.4.10. Let Sg = Sg U {p4}, where p4 — >p3 — >pi and pi,P3,P4 are not collinear. Let o-g': 5g = 
y(Sg) — > Sq be the blow-up of p4 on ^g. We can assume pi = [1 : : 0], p2 = [1 : : 1], pa = [0 : 
1] e P(Tp,p2) c F(S2) and P4 = [1 : 1] e P(Tj,3(F(S2)) C ^(Sg). 

Case. One point is on P^ 

3.2.4.11. Let Sg = SgU {P4}, where p4 — >p3 — >p2 — >pi, and such that no three points arc collinear. Let 
a'g: S's = V{T,'g) — > Ss be the blow-up of p4 on Ss- We can assume pi = [1 : : 0], p2 = [1 : 0] G V{Tp^P^) C 
y(Si), pa = [1 : 1] G P(Tj„y(Si)) c ^(St) and p4 = [1 : 0] G F{Tp,{V{E7)) C ^(Ss). 

3.2.4.12. Let Sg = Sg U {p4}, where p4 — >pa — >P2 — >pi, such that Pi,P2,P3 are collinear. Let erg : Sq = 

y(S!j) — >59 bo the blow-up of p4 on ^g. We can assume pi = [1 : : 0], p2 = [1 : 0] G ¥{Tp^¥'^) C V(Si), 
pa = [1 : 1] G P(rp,l/(Si)) C y(S7) and p4 = [1 : 0] G P{Tp^{Vi^7)) C ^(Sg). 

Remark 3.4. Observe that, given a set of points S in almost general position on P^, with |S| < 4, there 
exists a projective automorphism of P^ that transforms S into one of the point-sets listed above (Sj, S^, 
S"), say S. We say that S and S have the same configuration, and we have ^(S) ~ ^(S). 

Corollary 3.5. A norm,al rational del Pezzo surface D of degree d > 5 is either P^, P^ x P^ or a singular 
quadric in F^, or it can have the following singularities: 

1. No singularities if D is Si, S2, S3 or S'3. 

2. One Ai- singularity in the case D is S4, S5, S7, S',' or S'4. 

3. Two Ai- singularities in the case D is Sq, S'^ or S'3". 

4. One A2- singularity in the case D is S'4, Ss or S'^. 

5. One Ai- and one A2- singularity in the case D is S'q, Sq or S'^'. 

6. One A3 -singularity in the case D is Sq or S'^. 

7. One A4- singularity in the case D is Sq. 
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4. Analytic rigidity, formal equivalence and infinitesimal extensions 

4.1. Analytic rigidity and formal equivalence. A standard tool for showing analytic equivalence is a 
criterion due to Grauert ^ and Hironaka- Rossi that reduces the problem of showing analytic equivalence 
of embeddings to that of showing formal equivalence (p!?], Theorem 3]). We also use the following lemma 
(see [0 Lemma 9]): 

Lemma 4.1. Let X be a nonsingular complex manifold of dimension n and let D be a reduced complex 
subspace with ideal sheaf X (i.e. \/X — I). Suppose that there exists an integer > 2 such that H^{D, Tx ® 
2^ 1 2^^^) = for any v > vq. Then a v- equivalence {v > i^o) of D with a complex subspace D' of a complex 
space X' , where X' has the same dimension as X at any point of D' . extends to a formal equivalence. 

By i/-equivalence we mean an isomorphism of complex spaces {D,Ox /^f)) — {D' ,Ox' /I'd/), where Tu, 
respectively Tui is the ideal sheaf of D in X, respectively of D' in X' . Formal equivalence means an 
isomorphism of the completions: 

X - lmi{D, Ox/Id) ^ A' = lmi{D\Ox' /Iv")- 

Remark 4.2. We extracted the condition H^{D,Tx <S) J" /J''+'^) = 0, Vz/ > i^o from the proof of 0, 
Lemma 9] (for any v, the obstruction to extending a z^-equivalence to a (i^ + l)-equivalence lies in the above 
cohomology group) . In the original version D was assumed to be the exceptional locus of the blowing up of 
a point of a complex space. While in our case the del Pezzo surface D is the exceptional locus of the blowing 
up of g on y, we want to use this criterion with — 2, and hence we need to have a better control on than 
the proof of Lemma 9] provides. The cohomological condition of the vanishing of H^{D^ Tx jX"^'^') 
gives us this control. 



In order to use Lemma 4.1, we need to establish a criterion of when two different embeddings of a 
2-dimensional variety D into smooth three- folds are 2-equivalent. In the following we give a criterion for 2- 
equivalence using the theory of infinitesimal extensions oiOo- While there is a general theory of infinitesimal 
extensions of schemes, there seems to be no appropriate reference for our purpose. Therefore in §4.2 we give 
a self-contained presentation in the case of infinitesimal extensions of a 2-dimensional variety with isolated 
hypersurface singularities that can be embedded into a smooth 3-fold. 



4.2. 2-structures on D. Let D be a projective 2-dimensional variety over an algebraically closed field k. 
(We will later use the results of this section with = C in establishing analytic rigidity.) Suppose D has 
only isolated hypersurface-singularities. We assume D can be embedded into a smooth projective 3-fold. 

Fix such an embedding D <Z X and let Id denote the ideal sheaf of in X. The conormal bundle of D 
in X is lo/ij-,. Then we have the following exact sequence 

Q^Id/II Ox III ^ Od ^ 0. 

Therefore 2D = {D^Ox /T%) is an infinitesimal extension of D by the sheaf £ = Xd/TI (i.e. C can be 
considered as an ideal sheaf with square on the scheme 2D, with O^dI ~ Ob ||15|, Ex. II. 8. 7]). 

In the following sections we describe the infinitesimal extensions of D by Xj) jX^ , and give a criterion to 
establish when two embeddings of D into smooth projective 3-folds, with isomorphic normal bundles, are 
2-equivalent. 

4.2.1. Local computations. Let U = Spec A be an affine open in X, and suppose I? H f7 is given by the ideal 
/. Denote B = Ajl. Then we have an exact sequence 

— > L/I^ — > A/L"^ — >B — >Q 

which gives an infinitesimal extension of the fc-algebra B by the i?- module //J^. 

Let us review some facts about infinitesimal extensions of fc-algebras, based on ||l^, Sect. 18] (here k is 
an arbitrary field) . 

Definition 4.3. Let -B be a /c-algebra. An infinitesimal extension of the fc-algebra _B by a i?-module L 
is a fc-algebra E such that L can be embedded in E as an ideal whose square is and such that E/L ~ B. 
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Definition 4.4. Two infinitesimal extensions E and E' of i? by L are said to be isomorphic if there is a 
fc-algebra homomorphism E — > E' which makes the following diagram commutative: 

^E ^0 



L- 



■E' ■ 



B 



In the spirit of [[121, we have the following construction: 



Definition 4.5. Let 



■L 



E^B^ 



■ be an infinitesimal extension of i? by i and let L' be another 
B-modulc. Suppose we have a i3-module homomorphism ip : L — > L' . We define the push-out E Q)^ L' of E 
and L' under ip hy E®^ L' = coker((/3, -if): L — > E ® V) ^ {E ® L')/{{f3{l),~(p{l)) : I e L}. The ring 



structure on E ( 



L' is given by (e, I') ■ (e', I") = (ee', el" + e'V). Then - 



Ei 



B 



■0 is 



an infinitesimal extension of B by L' and we have the following commutative diagram: 

(i 



0- 



L- 



E- 



B- 



■0 



0- 



■E®^L' ■ 



B- 



where a^{f) = (0,/), P^{a, f) = /3(a) and .g^(a) = (a,0). 



Let Exalcomfc(i3, L) denote the set of isomorphism classes of infinitesimal extensions oi B by L . Then it 
has a fc- module structure (p^); in particular, given an infinitesimal extension £ and a constant A G fc, the 
multiplication X£ is defined by the infinitesimal extension — > L — > E (B\ L — > B — > 0, where E Q)\ L = 
{E (B L)/{{1, —XI) : I e L}. Note that multiplication by € fc gives the trivial infinitesimal extension B (B L. 

Lemma 4.6. Let D be a projective 2- dimensional variety over an algebraically closed field k. Suppose D 
can be embedded into a smooth projective 3-fold X. Let U — Spec^ be an affine open in X, and suppose 
DnU = Speci3, where B = A/ 1. Then for any B-module L, there is an isomorphism 

Exalcomfc(_B, L) ~ YjyA}g{VtB/k-,L). 

Proof. By Theorem 4.2.2], Exalcomfe(B, L) ~ T^{B/k, L), where is the first cotangent functor. Also, 
Lemma 3.1.1] implies that if P is a polynomial ring over k with B ~ P/J (J an ideal of P), then we 
have the isomorphism 

T\B/k,L) = coker(Homp(17p/fc,L) — > Hom( J/ J^, L)). 

However, D is reduced and it is a Cartier divisor in the nonsingular 3-fold X, and hence Spec B = D nU 
is a reduced local complete intersection in U — Spec A. The notion of SpecB being a local complete 
intersection is independent of the nonsingular variety containing it, hence Speci? is also a reduced local 
complete intersection in Spec P. Therefore, by ||, Ex. 16.17] we obtain that the sequence 



(4.1) 







P/k 



B 



B/k 



is exact, and so coker(Homp(l]p/fe, L) — > Hom( J/ J^, L)) ~ Extp(ris/fe, P)- 



□ 



In our case (of infinitesimal extensions of Od by Td /TI,), L = L/L^. In the following discussions we use that 
Exalcomfc(B,///2) ~ Ext^(r!B/fe, I//^). 

Remark 4.7. If the open set U does not contain any singular points of D, then Ext^g^Qs/k, I/I^) — 0, and 
therefore Exalcomfc(_B, ///^) only contains the trivial infinitesimal extension B ® L/L^ ~ A/L'^. 



4.2.2. General discussion about infinitesimal extensions of B by L/L^. We keep the notations from |4.2.1 
As D is a local complete intersection in the smooth 3-fold X, we have the exact sequence 



(4.2) 







■ n 



A/k ' 



B 



■ n 



B/k ' 



From here, we obtain the long exact sequence 

RomBinB/k, I/I^) BoiRBinA/k B, L/I^ 
Ext^BinB/k, 1 11^) Ext^(r!^/fc ®A B, I/I^) = 



•0. 



>Homs(///",///') 



0, 
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where the last term vanishes because f^A/k is locally free. Therefore we obtain that Exalcomj;(i?, ///^) ~ 
Extg(Os/fe, 7/7^) is a homomorphic image of HomB(7/7^, 7/7^). The correspondence goes as follows: let 
if e HomB(7/7^, 7/7^) and consider the standard exact sequence 



0- 



■7/72 



Then the infinitesimal extension corresponding to (f is given by 



-^0 . 



>I/I^ 



B- 



►0, 



where = A/P We obtain the following commutative diagram: 
(4.3) Ao : 7/72 A/72 B — 



9v 



A, 



V ■ 



0- 



■7/72 



/3v 



B 







where a^{f) = (0, /), /3^(a, /) = /3(a) and g^{a) = {a, 0). 

Lemma 4.8. Two extensions A^ and A^' are isomorphic if and only if ip and if' differ by a k-derivation 
ofA/P into 7/72. 

Proof, li tp & ^eJ^k{A/P,I/P) Horns (f^A/fc ®a B, I/P) and ip' = ip + tp o a, then we have a morphism 
(and hence isomorphism) of extensions 



0- 



■ 7/72 

■ 7/72 



B 



-A 



■^B 



-^0 



where *(a,/) = (o,/ + V(a)). 

Conversely, if wo have a morphism "if that makes the above diagram commutative, then ^'(a, 0) — (a, 0) = 
(0,^(a)) because /3^' o 4* = and ^ o = a^i , where ip: A/P — *I/P. The multiplication rule on A^^ 
and the fact that ^ is a ring homomorphism implies then that ^ G Deik{A/ P , I / P). It follows then that 
*(a,/) = (a,/ + V(a)). □ 

Remark 4.9. Note that Ao is the trivial (split) extension and Ai is the "standard" conormal extension 

— >7/72 A A/P B — >0. Also, given any infinitesimal extension £ : — >7/72 ^ E ^ B — >0 of 
B by 7/72, there exists a G Homs (7/72, 7/72) g^,}^ thai the extensions A^p and £ arc isomorphic. (This 
follows from the fact that Exalcomfc(_B, 7/72) ^-j^^ homomorphic image of Horns (7/72, 7/72).) 

Remark 4.10. Observe that ip is isomorphism if and only if g^p is, and in that case Aip gives rise to an 



extension ip*Aip : — >7/7 



2 a^oip 



B- 
I/P 



• isomorphic to Ai via 

13 



A/P ■ 



■I/P 



^B 



-^B 



^0 



Lemma 4.11. Suppose we have two isomorphisms of extensions 



I/P 



A/P 



-^B 



-^0 



■7/72 



-^B 



Then g and g' differ by a derivation of B into I/P. More precisely, there exists a ip G Derk{B,I/P) such 
that g = g' + uo'ijjol3. 
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Proof. Let $ := g ^ o g' . Then we have the foUowing commutative diagram 



0- 



0- 



B- 







B- 



0. 



From /3 o $ = /3 foUows that for any a g A/l'^, <i>(a) = a + q:(/ci) for some unique fa G I/I^. Using 
that <i> is a fc-algebra isomorphism, we obtain that the map ip : A/P — fl/I"^ given by ^/'(a) := fa is a 
fc-derivation of A//^, and from $ o a = a it follows that ip factors through B = A/I. So we may assume 
■0 S Derfc(i3, ///^) ~ ^^otiib{Q.b , I / P) . Therefore we have $ = id + aoijjo j3, and hence g' = g + uo'ipop. □ 

Proposition 4.12. Let p be a maximal ideal of B and suppose that the completion of B at p is B = 
fc[[x, z]]/(/) where f is of order > 1. Then fB/f^B ~ B and 

Exalcomfc(B, B) ~ Ext^r!^, B) = k[[x, y, z]]/(/, ^, |^). 
Moreover, for any ip € Hom(i?,i?), f/ie corresponding infinitesimal extension of B by B is given by 







B 



k[[x,y,z,T]]/{f^T^ipT-f) 



0^ 



B 



•0, 



where we consider ip as an element of B . The maps are defined by a^{l) —T and f3ip(T) — 0. 
Proof. The only thing needing attention is the isomorphism 



A, 



k[[x,y,z,T]]/{f^T^ipT-f). 



Using the definition of A^ as k[[x, y, z]]/ (/^) ®ip B, the isomorphism is given by the map 

$ : k[[x, y, z]]/(/2) (S^B^ k[[x, y, z, T]]/{f\ T\ pT - f), 
defined by ^{h,g) = h + Tg. 

Remark 4.13. Note that for any invertible (p, we have k[[x,y, z]]/(/^) — A^p via g^p. 



□ 



We are looking at infinitesimal extensions of D obtained from embedding D into smooth 3-folds. Therefore, 
locally, the extensions we are concerned about need to have embedding dimension 3. From Proposition 4.12, 
we obtain the following: 



Corollary 4.14. Under the conditions of Proposition j.li , A^p has embedding dimension 3 if and only if Lp 
is invertible. 

Now suppose that U contains one (and only one) singular point p oi D. In this case we have the following: 

Proposition 4.15. Under the assumptions of Proposition (.li, an infinitesimal extension A^ of B by I / 

has embedding dimension 3 at p if and only if ip is isomorphism; in that case g^ : A/l'^ > A^ is an 

isomorphism. 



Proof. We look again at the definition of A^ via (4.3): 

^I/P ^^A/P 

— -i/i'^zr^Ap- 



B- 



0v 



B- 



The question is local in p. Therefore we can take the completion of (O) along p to obtain 



0- 



B- 



■k[[x,y,z]]/{f^)^ 



B- 
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Since the construction of A^, commutes with completion, by Corollary 4.14 we obtain that A^p = A^ has 



embedding dimension 3 at p if and only if tp is an isomorphism. But completion is faithfully flat, and hence 
A^ has embedding dimension 3 at p if and only if tp is an isomorphism, and so if and only if is an 
isomorphism. □ 

4.2.3. Back to the global case. In this section we want to prove the following: 

Proposition 4.16. Let D be a projective 2-dimensional variety over an algebraically closed field k, having 
only isolated hyper surface- singularities. Suppose D can be embedded into a smooth projective 3-fold X and 
let Id denote the ideal sheaf of D in X. If H'^{D,Td ^ Id/Id) ^ H^{D,Hom{^l]j,lD III,)) = 0, then 
any two embeddings of D into smooth three-dimensional varieties, having conormal bundles isomorphic to 
Td/^jj, are 2-equivalent. 

Proof. Cover X with afflne open sets Spec Ai such that each of them contains at most one singular point of 
D. Let Vi := Spec A; (ID = Spec Bi where Bi = Ai/Ii. 

Consider another embedding D' C X' oi D ~ D' into a smooth 3-fold X' , with conormal bundle isomor- 
phic to 2d /X|) . It gives rise naturally to an infinitesimal extension 



(4.4) 

of D by Id /Id, with A 







>Id/T 



A 



0' 



O 



D 



■0 



^X' I'I'di- Then by our previous discussion (Proposition 4J_E), for each i there 
is an isomorphism pi g Houid. {li/ if , li/ if) such that restricting (4.4) to Vi, we obtain an isomorphism of 
extensions 



(4.5) 



0- 



■hi II 



■A^ 



■A 



B,, 



B 



■0 



where A^. = A^/lf 0^^, h/If as in § [4.2. 2| . Let hip. — gi o g^. . Then, by ([4.3|) we obtain the following: 



■hi If 

Vi 

■hi II 



■Ml If 



■A 



B, 



B- 



Note that the definition of h^. depends on gi. But, according to Lemma 4.11, if we have gi and g'i making 



(4.5) commutative, then 17^ — gi-\-a'iOipiO p^. with ^pi e Derfe(i?i, lil if). Hence we get that, correspondingly. 



Ki " K^ = 5j ° 9v^ -91° 9v>i = Wt - 9i) ° 9fi ^ a[ o ip, o p,. 

Similarly, suppose that ipi and (p'^ give isomorphic extensions A^p. and Aj^' . Then we know that p'^ — ipi 



ipi o ai with Ipi E DeTk{Ail if , hi if) (Lemma 4.8), and we have a commutative diagram 

hUf Ml If — B, 




where <I>^. is defined by (a, /) = [a, f + ipi o ai o p^ ^f). Then 



9v[ 



v. ° 9vi 



and therefore h,„i = 



On Vij — ViCiVj we have both h^. 



a-'i. ° tin o Pij with 9ij £ Der^ (Bij , hj / If. ) ~ Homs - {Qb,. - U 



9i ° 9ip'- = i9i ° ^ipi) ° 9ipi ^^'^i before, differs from ft,,^. by an element of DeTk{Bi, hi if). 

and h^^ and by the above considerations, we have h^p. — h^p. = 
-ij - •'ij ^ytj ''^^^ ^ ^^^fcV'^ijj-'ij/ -"yv — obtain a weU defined cohomology 

class [{%}] e II^{{V},nom{n]y,lDllD)) - II^{D ,'Hom{n]j,XD ITd)) assigned to the 2-structure A on 
D. 
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Conversely, given a cohomology class [{%}] € H^{{Vi} ,nom{^l\^,lD /Id)) we can define a ring structure 
^ on Z? in the following manner: For any i, we let A\vi ■— -^i/If, where S A\vi is identified with aj S A\vj 
if = aj + o 6ij o (3ij{aj). 

If there is another cocycle {d'ij} cohomologous with {Oij} and A' the associated ring structure, then 
A ~ A'. Indeed, we have — 9ij = ip^ — ifjj with -0^ € Derk{Bi,Ii/lf), for all i, so we can define maps 
<^r- AJlf — > A J If by ^^{ai) = + a, o o /3j(a,,). Then on V^j we have 

$j(aj) = $,,(aj + a o % o /3(aj)) = «'j(aj ) + $j(q! o % o /3(aj)) 

= + a o o /3(aj) + a o o /3(aj) + a o o /3 o a o o j3{aj) 
= a.j+ao o /3(aj) + a o 6*^ o /3(aj) = $j(aj) + a o o /3($(aj)) 

because + -!/;-,■ = 0ij + ipi and /3 o a = 0. Therefore the ^i's patch to give a morphism of ring structures 
<I> : A — > . By a similar construction, we can also get <&' : A' — > -4 so that $ and will be inverses. 

Note that if [{%}] = 0, then we get A = Ox/^d, the 2-structurc on D. 

Therefore, we have the following "commutative diagram" : 

{embeddings D C X' into smooth threefolds} s- {D,Hom{^]j,lD/lD)) 



{ring structures locally isomorphic to Ox/^z)} 



where the horizontal arrow is {D C X') i — > the cohomology class [{%}] defined by (14), the vertical arrow 
is {D C X') I — > Ox'/^i)/ and the oblique arrow is [{%}] i — > A as defined above. 

Therefore, if H'^{D,Hom{^\„lD/'Iu)) = H^{D,Td ® Id/Id) = 0, then any embedding of D into a 
smooth 3-fold X' with ideal sheaf Id' gives a 2-structure Cx'/^l)' on D isomorphic to Ox/ir,- CH 



5. Reducing the proof of analytic rigidity to the vanishing of H^{D,Td) 
We now return to the proof of the Main Theorem. 

Theorem 5.1 (Main Theorem). Let X be a smooth 3-fold over C and suppose we have a K-trivial birational 
extremal contraction ip: X — > Y , contracting a divisor D to a point q in Y . Suppose D is normal, rational, 
and (uj^) > 5. Then the contraction ip is analytically rigid. 

As we showed in under the conditions of the theorem D C X is a normal rational del Pezzo surface 
of degree d > 5 (hence having only A„-type singularities by Corollary |3.5|). We denote by tt: D — *D its 
minimal resolution, and by Id the ideal sheaf of D in X. From now on we fix these notations. 

Based on the results of §^ the proof of analytic rigidity is reduced to showing the vanishing of the 
cohomology groups H^{D,Td ®Id/1d) and H^{D,Tx (g) J'^/J'^+i), > 2. In this section we show that 
H^{D,Td) = is a sufficient condition for achieving these vanishings. 

Proposition 5.2. IfH^{D,TD) = 0, then H^{D,Td (E)I^/Id^^) = for all i^>0. 
Proof. First note that Nd/x — C>d{Kd) implies 

(5.1) Ih/I-D'' ^ [Id/ID^" ^ ODi-uKD). 

Let _ff G I — K d\ b e a general hyperplane section; we can take it to be an irreducible, smooth elliptic 
curve (Proposition |3.2| ) that avoids the singular points of D. 

Note that Td is locally free outside the singular points of D, and therefore tensoring 

(5.2) 0^Od{-H)^Od^Oh~^0 
by Td^T-dI'^V'^ we obtain 

(5.3) ^ Tzj ® 'Ad -^Td® Id/I"d^ -^Td® I'dI^d^^U 0. 
Next we consider the exact sequence 

Q^iH/ijj^n'D\H^n\j^Q, 
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where Xh is the ideal sheaf of H in D. Since H is an chiptic curve and deg(— Xj^j/f) = d = deg(_D), we 
obtain that: 

h\H,rD®I'h/^D^^\H) = {'2y+l)d 
h\H,rD®TD/I''D^^\H)^0 



Therefore, by induction, using the long exact sequence associated to ( ^.3[ ) and the condition H^{D,Td) = 
0, we obtain {D,Td® /I^d^) = for aU > 0. □ 

Corollary 5.3. Under the assumptions of the Main Theorem, if H^[D, Tjj) = 0, then any two embeddings of 
D into smooth three-dimensional varieties, having conormal bundles isomorphic to T]j /T^, are 2-equivalent 

Theorem 5.4. Under the assumptions of the Main Theorem, if H^{D,T]j) —0, then H^{D,Tx®T'^/l'^^) = 
0, Vi/ > 2. 



Proof. In the case when D is nonsingular, the teorem is an easy consequence of Proposition 5.2 and the 



vanishing of the first cohomology of Od{{^ — v)Kd) for any del Pezzo surface (Proposition 3.2). We actually 
obtain the vanishing of H^{D,Tx ®T'^ITj^^) = 0, for all v>\. 

So we concentrate on the case when D is normal rational. In this case the difficulty comes from the fact 
that the tangent sheaf To is not locally free anymore. In fact, H^{D,Tx ®TD/l'jj) doesn't vanish in general 
(see Remark 5.9 below), but an easy argument shows that it is enough to prove that (D ,Tx /If)) = 0. 



5.2, tensor 



Indeed, for a general H € \ — Kjj | , as in the proof of Proposition 

by 73s: ®TdI'^^d^^ f^'' v^2. From the long exact sequence of cohomology, we get 

H\D., Tx ® I^'Ad) H\D, Tx ® Ih/^D^') H\H, Tx ® X^/X^+^li/). 
Consider the exact sequences 

O^Th~^Tx\h^Mh/x^O 

and 

— ^ Nh/d -^J^h/x^J^d/x\h — * . 

The latter sequence is exact because both H in D and D m X are Cartier divisors; see for example 
19.1.5]. 

We know that Mh/d = Oh{—Kd), J^d/x\h — Oh{Kd), so tensoring the above exact sequences with 
Id/^d'^ = Od{-vKd) yields H'^{H,Mh/x ®1dI'^V~^) = (because -Kd is nonzero and effective) and 
hence H^{H,Tx (S)1o/1''i^'^\h) = for all v>2. (Recall that H is an elliptic curve.) 

Therefore we have a surjection 

H\D, Tx ® Id'^/Td) ^ H\D, Tx ® Td/^'d^) ^0 'iv>2, 
and so we can use induction on v to prove the vanishing of H^{D,Tx 

The proof is finished by the following proposition. □ 

Proposition 5.5. Suppose H^{D, To) ^ 0. Then H\D,Tx ^ 0- 

Proof. The sequence 

(5.4) o^iD/ih-^n],\D-^n]j-^o 

is exact because Z? is a Cartier divisor in the smooth 3-fold X. Applying the functor T-lomo ■•^'d l^ii) 
obtain 

Q^norn{n\,,ll/ll)^nom{il],\D,Tl/Tl)^nom{lD/Tlal/lD) ~^ 
-^Ext\^l],,ll/ll)^Ext],^{n\\D,lll^l) = 0, 

and hence 

~^Td ® II/II^Tx\d ® Tl/Tl lrLom{lD /Tlal/Il) ~^Ext\n]„ll/ll) — > 0. 
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Break this up into two short exact sequences 

(5.5) O^Td — ^Tx^ll/Il-^C^Q 
and 

(5.6) ^ C ^ nom{lD /Tlal/^l) ^ Sxt\n]„ll/^l) 



By Proposition |j, H^{D,Td) = imphes H^{D,Td (8)X|j/X|,) = 0. (This is the only place in the proof 
where we are using the assumption H^{D,T£i) — 0.) As T-lom{lD /l^,!^/!"^) ~ lu/I^ — Od{—Kd), 
we also have H^{D,nom{JD = H'^{D,Od{-Kd)) = (^). Hence, from the corresponding 
long exact sequences on cohomology we get 

— {D, Tx (g) ll/ll) — > H\D, C) = coker($), 



where $ : Roir{Id/Id,Id/I^) — > H°{D,£xt^fll,,ll,/ll,)) is obtained from (Q by taking global sec- 
tions. 

So now our goal is to show that $ is surjective, and hence obtain that H^{D,Tx <E) T^/Tf^) = 0. As 
dim H^{D,£xt^ {il]^,!-^)/!^)) ~ S^^^Ai if D has r singularities, of type Ax^, Ax^, Ax,, respectively 
(Lemma 5.6), and Hom(XD/l|j,X|)/X|)) ~ H^{D,Od{—Kd))^ it is enough to show that dimker($) = 
d:im{H\D,OD{-KD))) - SLiA,. 



Let us look at the kernel of <&. Retaining the notations from §4.2, we observe (using Cech cohomology), 
that <I> is given by 

for any morphism s E Hom(X£)/X|,,X|,/X|,), where Ms — ^x\d ®s ^d/^d h'om the following diagram: 
(5.7) ^Id/II >-^]c\d *-0 



0- 



■ T2 /T^ 



■Ms 



•0. 



■0 



Therefore $(s) = is a local condition, equivalent to the exact sequence — ^J^/X^ — > M. 
splitting locally. On the smooth portion of D, £xt^{^l\),T^/T'^) vanishes, since fij^ is locally free. Hence 
we only have to look near the singular points of D. Let p be a singular point of D, and let V — Spec B C D 
be an affine open neighborhood of p. 

Locally then s G Hom(XD/X|,,2'|,/l|)) is a homomorphism s : B — >B, and the diagram (5/7) translates 

to 



0- 



B- 



B^ 



M- 







0- 



B- 



B^ 



B- 



M- 







where M = ^\)\v — ^b- The bottom row splits if and only if there is a map P : B^ ®s B — 
P o Us = ids, i.e. P(0, g) — g, for all g E B. This is equivalent to the existence oi Q : B^ — 
Q o a — s. 

Indeed, if P exists, then take Q := P o 7. Conversely, given Q, define P(u, g) := Q{v) + g. 
Therefore the bottom row splits if and only if s G im a* in 







• Hom(M, B) ^ Hom(S^ S) ^ Hom(B, B). 



■ B such that 
• B such that 



Completion is faithfully flat, so we can replace B by its completion at the maximal ideal of B corre- 



sponding to p. Recall that D has only A^-type singularities (Corollary 3.5), hence we can assume that 
B = fc[[a;, y, z]]/(/) where f{x,y,z) = x^"*"^ +yz corresponding to an AA-singularity . In this case, the map 

a : B — > B^ is given by the partial derivatives of /: a(l) = ^ '■'^^j)-'^ ^ . Therefore, if we identify Hom(_B' , B) 

with B\ the condition s G ima* is equivalent to s G {x^ ,y, z)B, and hence to s G J{p), where J{p) is the 
Jacobian ideal of D at p. Note that this is independent of a coordinate change. 
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Therefore, ker($) = {s G }1ouv{1d /Id^IdI'^d) - H°{D,Od{-Kd)): s e J{p) for any smgular point p 
of D}, and the proof is concluded by the following: 

Claim. If D has r singularities, of type Ax^, Ax^, Ax^, then, using the above description of ker(<i>), 
dimker($) = dim H^{D,Od{-Kd)) - 

It is easy to see the Claim is true in the case when D has one or two Ai-singularities, because in this case 
s belongs to the Jacobian ideal if and only if the corresponding hyperplane section passes through the (two) 
singular point (s). However, the statement is not obvious for any other combination of singularities for Z?, 



and the proof will be given in Lemma 5.7 below. □ 



Lemma 5.6. Let D be a projective surface over an algebraically closed field k of characteristic 0. Suppose 
D has r singularities, of types Ax-^, Ax2, Ax^ respectively. Then h'^{D,£.xtQ^(p.\),I^/I^)) — S^^j^A^. 

Proof. Since £xt\j^{Vl\),l'jj/Ijj)) is a skyscraper sheaf, we may assume that D is affine, say D — SpecB, 
having one singularity p, of type Ax. Then the completion Bp of the local ring Bp is isomorphic to 
A:[[a;, y, z]]/ {x^^^ + J/^ + z^)- Consider the exact sequence: 

(A+l)2 

y 

■ ^ ^ ^hp„ 

From here, using the long exact sequence on Ext's, we can easily conclude that Ext^ /k^-^p) — 
{k[[x,y,z]]/{x''^^^ + y^ + z"^)) / {x'^ ,y, z) ~ k^ . But Vlg ^j, ~ ^Bp/k ^Bp Bp and completion is faithfully 
flat, and therefore we obtain an isomorphism Ext^^ (^dj ^d) — k^. □ 

Lemma 5.7. Let D be a normal, rational del Pezzo surface of degree d > 5. Lf D has r singularities, 
pi,P2, . ■ .Pr, of type Axj^, Ax2, Ax^ respectively, let us denote by J{pi) the Jacobian ideal of D at pi. 
Then 

dim{s e H\D,Od{~Kd)) ■■ s e J{p^) ,Vz} = dimH°{D,OD{-KD)) - S[^iA,. 

Proof. As observed above, the lemma is obvious in the case when D has one or two Ai-singularities, because 
in this case s belongs to the Jacobian ideal if and only if the corresponding hyperplane section passes through 
the (two) singular point (s). So we concentrate on the cases when D is more singular. 

In order to compute dim{s e H^{D, Od{—Kd)) '■ s e J{pi) , Vi}, we look at the anticanonical embedding 
of D into P'' (@ Cor. 4.5]). An element s of H^iD, Od{-Kd)) can be considered as a hyperplane section 
of £> C P"*. 

If the minimal resolution I) of D is obtained from the blowing up of a set of (possibly infinitely near) points 
SonP^ (as described in Q, we have i?°(D,Clz5(-i^z?)) ^ H^{D,Oq{-K^)) = {s € H° {F'^ , Op2 (3)) : s has 
base-points at the points of S}. Therefore the anticanonical embedding of D is the closure of the image of a 
map (fio : F'^ ■ ■ ■ having the assigned base-points E. Fixing homogeneous coordinates [xq : xi : X2] on 

and [a : b : c : d : e : . . .] on P'', this map can be explicitly described, and we can find the homogeneous ideal 
lo of the closure of its image by elimination theory (using the computer programs Maple or Macaulay2). 
Therefore we have an explicit description of the homogeneous ideal defining _D C P'', and so we can compute 
the complete local rings of D at the singular points of D and hence their respective Jacobian ideals. 

In the following we describe in detail the case when the minimal resolution D of D is isomorphic to S*" 
(notation as in §p^. For the rest of the cases, the computations are similar, and are left to the reader. 



The degree of D when D = Sjjs d = 5, therefore \-Kd \ embeds D into P^ via (po : P^ ^ P^ By the de- 



scription of the blow-up from §3.2, H^{D, Od{^K]j)) is obtained from those sections of H'^{¥'^, Op2 {—Kp2)) 
that pass through the infinitely near points given by S", namely [a;o : Xi : X2] = [1 : : 0], [1 : : 1], 
[1:0: —1], and the point p^ corresponding to the tangent direction to the line X2 = 0, i.e. from those 
sections s e H^{P'^,Op2{—Kp2)) for which we have: 

s(l,0,0) = 

s(l,0,l) = 
s(l, 0,-1)^0 
s,,(l,0,0) -0. 
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These give us the map (pQ : P'^ ■ ■ ■ ^ , defined by 

[xq : xi : X2] >[xi : X2 — XqX2 : x^xl : x\x2 ■ Xix\ : XqXiX2]- 

The image of 'p\^Kd\ ™ ^^e closure of 'Pq{P'^). 

To compute the ideal of ~ (/3o(IP^) C P^, we use elimination, with the help of the Maple or Macaulay 2 
computer programss. We obtain that the embedding of D into is given by the ideal 

/q — (ce — d/, (f' — ae, cd — af, bd — + f^, ab — de + cf), 

where the homogeneous coordinates in P^ are given by a, 6, c, d, e, /. In this case D has one yl2-singularity, 
atp= [0 : 1 : : : : 0]. 

The singular point of D is in the affine piece {b 7^ 0} of P^. After dehomogenizing (putting 6=1 and 
keeping the notation unchanged for the other coordinates), we obtain that the coordinate ring of I? at p 
is B = k[c,e, f]/{ce — fe^ + /^) (where a = —cf + — pe and d = — /^). Therefore the Jacobian 
ideal at p is J{p) = {c,e,p). Direct computation shows that {s G H^{D,Od{^Kd)) ■ s € J{p)} = 
{fiia + ^2^ + /^3C + ^4,d + ^c^e + /ig/ : ^2 = A'6 = 0}; hence it has the required dimension. □ 

Corollary 5.8. Suppose that H^^D^Td) — 0. Then the Main Theorem holds, i.e. the contraction ip is 
analytically rigid. 



Proof. Suppose D and X are as in the Main Theorem (Theorem 5.1). Then, if H'^{D,Td) = 0, any two 
embeddings of D into smooth 3-folds with normal bundles isomorphic to Od{Kd) are 2-equivalent and we 
also have the vanishing of H^{D,Tx ®X'^ /I'^'^^) for any v >2 (Corollary 5.3 and Theorem 5.4). Therefore, 
by Lemma 4.1 and Theorem 3], the Main Theorem holds □ 

Remark 5.9. In the case when D is nonsingular, the vanishing H^{D,Tx ^Td/T^) = is and easy 
consequence of the vanishing of H^{D,Tu) (via the exact sequence (5.4), using Proposition 5.2 and the 
vanishing of H^{D,Od)). Hence, by induction (as in the proof of Theorem 5.4), we have the vanishing of 
H^{D,Tx «)X^/X)^+^), for aU iy>2. However, if D is singular, it is not generally true that H^{D,Td) = 
implies H^{D,Tx®Td/'Id) = 0. 

Indeed, suppose D has at least one singular point. Consider the exact sequence 

— ^ nom{n]j,lDlll) Hom(ri^|c,Xc/X|,) Y{om{lD /II^d /ll) ^ 
^Ext\n\j, Id /ll)~^Ext\nl.\D, Id jlV) — > Ext^ [Id /ll , Id/TI) 



obtained from (5.4). By Serre duality and D being del Pezzo, we have the following: EfXt^ {Id /Id,Id /^d) — 
H^{D,Od) = 0, Ext\n](\D,lD/Tl,) ~ H^{D,Tx\d®TdIII,) and YLoM^d /TI„Id /lli) ^ k, so we obtain 

Hom(r!i„ Id /ll) Hom(0^ ^ , X,, ) ^ fc ^ 
^Ext\n]j,lD/ll) ^ H\D,Tx\d ®Td/TI) ^0. 

But (5(1) corresponds to the extension (^^) that is not split, and hence not zero in Fixt^ {U^jjId/Id). 
Therefore 6 is injective and we have 

(5.8) O^k^ Ext\n],,lD/ll) H^{D,Tx (EiId/TD^O. 

From the five-term exact sequence associated to the local to global spectral sequence, we have 

~^H\D, nom{n]j,OD)) ^ Ext\n]j, Od) ^ T{D, Ext\,^ {^d.Od)) 
~^H^ {D, nom{n]j ,Od))^ Ext^ {n]j , Od ) 

or with the notation Td = Homifl^), Od) and using the vanishing H'^{D,Td) = (@ Lemma 5.6]): 

(5.9) H\D, Td) ^ Ext^ {n\„OD) ~^ T{D, Sxt'^o (^d^Od)) 0. 



We know by Lemma 5^ that diinT{D,£xtQ^{Q\),OD)) = S[^^Ai, if D has r singularities, of type Ax^, 
A\2, respectively. Therefore, ii H^{D,Td) = 0, we obtain AuaExt^ {Vl\, , O d) = S^^^A^. 

Now suppose that H^{D, Tx®Id /T^) ~ 0. Then the exact sequence (x8) implies that dimExt^(il}5, Od) — 
1, and hence D can have only one singularity, of type Ai. However, this is not the case in general, and hence 
H^(D,Tx ® Id /I'd) doesn't vanish for a general singular del Pezzo surface with H^{D,Td) — 0. 
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6. Computing the obstruction to formal equivalence: the vanishing of H^{D,Td) 



Let Dhea normal rational del Pezzo surface of degree d> 5. We showed (Corollary 5.8 ) that {D^Tq) = 
is a sufficient condition for the analytic rigidity of the contraction ip in the Main Theorem. Here we show 
the vanishing of H^{D,Td). 

6.1. The Leray spectral sequence. As I? is a surface having only isolated normal singularities, 7r*Tg, ~ To 
(HI Prop. (1.2)] ). We use this fact and the Leray spectral sequence 

El^'' = H'P{D,WTiaD) ^ EP+-i = HP+^iD^Tfj) 

to compare the cohomology of To with that of Tg, . 

The first four terms of the corresponding five-term exact sequence (||^, Theorem L4.5.1]) 

— . El^" -^El^ E','' El^"" El 



oo 



give m our case 



With the identification 7r»Tg, ~ To, and using H^{D,T£)) = |10, Lemma 5.6], we obtain 

(6.1) ^ H\D, Td) H\b, Tq) H"{D, R^tt.T^) 0. 

In order to show the vanishing of H^{D, Tq), we show that dim i?^(I?, Tj^) = dim_ff"(Z?, R^ii^T^). 

6.2. Local computations: H'^{D,R^TT^,Tj^). As is a normal rational del Pezzo surface of degree d > 5, 
it has only singularities of type Ai, A2, A3 and A4 (Corollary ^.5|). Denote by E the exceptional locus of its 
minimal resolution tt : D — > D. 

We have H^{D, R^tt^T^) ~ R^tt^.Tj^ if regarded as a complex vector-spaces, as R^nf{Tr*Tf^) is a skyscraper 
sheaf supported on the singular points of D. By the theorem of formal functions (||l^, Theorem III. 11.1]), 
we obtain 

where 5„ is the closed subscheme of D defined by X^, where Te is the ideal sheaf of E in D. 

From [|[ (1.6)], we have the following lemma, true for any surface having only isolated rational singularities: 

Lemma 6.1. If Z is an effective divisor on D supported on E, there is an exact sequence 

A 

(6.2) O^rz^r5|z^0AA^,/£,^O 

1=1 

where Ei, E2, ■ ■ ■ , E\ are the irreducible components of E and M^./i) '■— OEi{Ei) = £'£;.(— 2) is the nor- 
mal bundle of Ei in D. (The second map of (3.2) is the sum of the compositions T^, Oz — *Tf) ® 

By the tautness of rational double point singularities (|2^) we have that H^{Tz) = 0. Therefore, the long 
exact sequence obtained from (3.2) implies /i^(£'„,T£,|g,J = h^{£n,@^^i-!^Ei), for all n > 0. This shows 
that if D has r singularities, of type A\^, A\^, A\^ respectively, then h^{D,R^iT^Tj^) — E^^^A^. 

6.3. Global computations: H^{D,Tjj). Here we show that dimi7^(l), T^) = S^^j^A; as well, and therefore 
we obtain H^{D,Td) = from ^) . 

First, we need some preliminary results relating the tangent bundle of a (smooth) surface S to that of a 
one-point blow-up of S (Lemma S.3). 

Lemma 6.2. Let a: S' — > S be a birational morphism of smooth projective surfaces and let T be a locally 
free sheaf on S. Then H*{S,T) = H*{S', a*T). 

Proof. The morphism a can be factored as the composition of blow-ups. Therefore it is enough to assume 
a itself is the blow-up of a point p € S. 

Because the sheaf J-^ is locally free, the projection formula and normality of S imply that G^a* T ~ T . 
Therefore, by a degenerate case of the Leray spectral sequence, it is enough to show that i?V,(7*JF = 0, 
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Vi > 0. But again, by the projection formula and a^Os' ~ 0$, we can reduce this to showing that 
Wa^Os' = 0, which is proven in Prop. V.3.4]. □ 

Lemma 6.3. Let a : S' — > S be the blowing up of a smooth projective surface S at a point p and let £ denote 
the exceptional locus. We then have an exact sequence 

(6.3) O^Ts, ^cT*Ts^Oe{l)^{). 

Proof. By smoothness of S at p, we may assume (after completion) that p has a neighborhood in S analyti- 
cally isomorphic to A^. In this case we may consider a as the blow-up a: U — > of the origin in A^. The 
lemma now follows from an easy computation in local coordinates. □ 

Here is also a more general version: 

Lemma 6.4. Let a: S" — > S be the blowing up of a smooth projective variety S of dimension n at a point 
p and let £ denote the exceptional locus. We then have an exact sequence 

(6.4) Q-^Ts^ -^(T*Ts--^T£®0£{£)-^Q. 

Proof. As before, we may assume (after completion) that p has a neighborhood in S analytically isomorphic 
to A" , and that a : U — > A" is the blow-up of the origin in A" . 

We have the first fundamental exact sequence of differentials: 

(6.5) Q^a*nl„^n\j^nu,K^^Q 
which gives, after taking Homoi, {— , Ou). 

O^Tu^ a*Tj,,. £xt\,^ (^ji , O^,) _> 0, 
where we used ^u/hp — ^\ (see for example [p^). 

We can compute £xt\^^{Vl\,Ou) using the conormal exact sequence 

(6.6) — >T£/Tl — >n\j\£ — >rL\ — >0. 

The sheaf Ig/I^ is supported on £, hence TLomo^j{l£ /Ig.Ojj) — 0. Also, we have £xtQ^{Vt\,Ou) = 
because (3.E) is a locally free resolution of H.^ of length 1. Therefore, using ~ Ou{—£), we obtain: 



(6.7) 0^£xtl,jnlOu)^£xtl,jnlj\£,Ou)-^£xtl,JOu{-£)\£,Ou)-^0. 
From the exact sequence 

0^Ou{-£)^Ou^O£^0 
we conclude that £xtQ^{0£,Ou) = 0£{£), and hence, from (|6.7D, we have 

£xt\,^ {nl ,Ou)^Tu ®Ou 0£{£)~^ 0£ {2£) 0. 



Tensoring the dual of ( |6.6D by ©£(£), we obtain 

Q^T£®0£{£)^Tu®Ou 0£{£)-^0£{2£)^Q. 
Comparing the last two exact sequences, we obtain the desired result. □ 



Lemma |6.3| gives us a tool to compute H^{D,Tfj) step-by-step, blowing up one point at a time: 

Let S — V(S) be a surface obtained by blowing up a set S of (possibly infinitely near) points in almost 
general position on . Let p be a point on S such that the points of the set S U {p} are again in al most 
general position, and denote S' — V{Y.U {p}). Then we can use the long exact sequence associated to ( |6.3[ ) 
to obtain information about H^{S' ,Ts'): 

^H°iS\Ts>) ^ i/°(5', a*Ts) H°i£, 0^(1)) 
-^H\S',Ts,)^H\S',a*Ts)^H\£,0£{l)) = Q. 



Using Lemma 6.2, we obtain: 

H\S',Ts^)^\er{H\S,Ts)--^H''{£,0 £{!))) and 
(6.8) h\S',Ts,)=AMco]^'^^{H\S,Ts)^H''{£,0£{l)))) + h\S,Ts 

= h^{S\ Ts,) -h'\S,Ts) + 2 + h\S, Ts). 
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Note that if S is obtained by successive blow-ups of (possibly infinitely near) points on P^, then we can 
regard H°{S,Ts) as a subspace of iJ " (P^ , Tp2 ) . 

The following theorem describes the relation between the first cohomology group of the tangent bundle 
of ■(/(S) and that of T/(S U M). 

Theorem 6.5. Let Yi he a set of (possibly infinitely near) points ofF"^ in almost general position. Suppose 



IS 



< 3. Let a: S = V^(S) — > P^ be the blow-up of center E. Let p G S be a point such that S' = S U {p} 

in almost general position and let a': S' — V{T,') > S* be the blow-up of p on S. Denote by £ the union of 

all curves with negative self- inter section on S . Then we have the following: 

1. Type 1: If p ^ £, then we have h^S',Ts') = h^S,Ts). 

2. Type 2: If p is contained in a single (—l)-curve, then we have h^{S' ,Ts>) — h^{S,Ts) + 1. 

3. Type 3: If p is the intersection point of two (—l)-curves, then h^{S' ,Tgi) = h^{S,Tg) + 2. 

Corollary 6.6. If D is a normal rational del Pezzo surface of degree d>5, with r singularities, of type Ax-^, 
A\^, Ax^ respectively, andn: D >D is its minimal resolution, then we have dim H^{D,Tf)) — E^^j^A^. 

Proof. Note that h^{S' ,Ts') — h^{S, Tg) counts the number of (— 2)-curvcs that appear on S' after the blow-up 
a, thus the corollary follows. □ 

Remark 6.7. For d < 4 (i.e. when D is obtained by blowing up 5 or more points) the Theorem is in general 
not true. For example, if we blow up 5 points in general position on P^, the blow-up D doesn't contain 
(-2)-curves, but dim H\D,T^) = 2. 



Proof of Theorem 6.5. Based on Remark 3.4, if E and E (with |E| = |E| < 4) have the same configuration 
(i.e. if they can be transformed into each other by a projective automorphism of P^), then V^(E) ~ ^(S). 
Now, if pi g VCE) and p2 & V{T,) are points of the same type (1,2 or 3), then E U {pi} and E U {^2} will 
again have the same configuration, and hence V{T, U {pi}) — V{T, U {^2})- Therefore we have to prove the 
t heo rem for only one representative E for any configuration of points, and we can use those described in 



!;3.2 



We prove the theorem by blowing up one point at a time and explicitly computing the cohomologies 
involved. 

Case 0. Explicit computation of iJ°(p2, 7^.2). Wc know that dim i/°(p2, 7^.2) = 8 and dimi7i(p2, 7^.2) = 
0. Here we compute a basis for i/°(P^,7^2) in local coordinates. 

Fix the homogeneous coordinates [xq: xi : X2\ on P-^. Then on the affine open Uq = {xq ^ 0} we have 
local coordinates x := =^ and y := Around p = [1 : : 0], 7ip2 is generated by the vectors more 
precisely, Tp2\u^ = C[x,y]-^ + C[x,y]-§^ ~ C[x,y]'^. 

Claim. With the above notations, _ff°(P^, 7^12) has a basis given by (1, 0), (a;,0), (y, 0), (0,1), (0, x), (0, y), 
{x^,xy), {xy^y"^) on Uq. 

Proof. We have the dual of the Eulcr sequence, 

> Op2 > Op2{lf >%2 > 0, 

where C'p2(l)'^ — > 7p2 is (locally) given by 

SiXq - SqXi d 32X0 - 502^2 d 



[sq, 81,82) 



dx Xq dy 

Writing out the generators of i/"(P^, Op2 (1)-^), the claim follows. □ 
Using this explicit description of i/'^(P^, 7p2), the computations are straightforward using the descriptions 



of the blow-ups from §3.2. We illustrate it in the case of blowing up 1 point, respectively 2 infinitely near 
points on P^, and leave the rest of the computations to be carried out by the reader. 

In the following, all blow-ups will be of (possibly infinitely near) points on Uq = {xq 7^ 0} C P^ (as 



described in §3^). We will always denote by £ the exceptional locus of the last blow-up S' — > S, and by 
M the map 7^/ — > cr*Ts. 
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Case 1. Blowing up a point. Let cti : 5i — >P^ be the blow-up of the point {x,y) — (0,0). Based 
on ( |6.8| ), in order to find dim (Si, Ts,^), we first need to describe the kernel of the map -ff ° (P^ , 7Jp2 ) ~ 
H^{Si,al7p2) — > H^{S, ©^(l)). Locally, near £, Si is covered by two affine opens: 

Vb = SpecC[a;, s], where x = x,y — xs 
Vi — Spec C[y, t] , where x = yt,y = y 

The map Ai : Ts^ — > CiTps is given by the following matrices: 

/I 0\ d d d d 

On Vq : -Mo = with basis elements — , — for Ts, Ivb ^nd — — , — for (T^7jp2|y„. 

\s X J dx OS ox ay 

On Vi : Ml ^ (\ ^ ) with basis elements for Tg, \ v, ■ 

\i Uy oy at 

We have ker(iJ0(5i, ai*Tp2) ^ , ©^(l))) = M{H\Si,Ts,))ciH\Si,alTr2) ~ iJ0(p2,Tp2). 

To find this kernel, it is sufficient to find the elements of _ff°(P^,7p2) that are in the image of A^o- Indeed, 
if we have a global section s e H^{¥^,Tv2) ~ H"{Si,alTp2) in the kernel of H°{Vo,alTp2) — >H°{£ n 
Vb,0£:(l)), then s is also in the kernel of the map H"{Si,alTp2) — > H"{£ ,0£{1)), because ©^(l) is a 
locally free sheaf on £, and hence if a global section vanishes on an open subset, then it vanishes on £. 

Locally on Vq we have C[a;,s]^ C[x, s]^, and any element of i7"(S'i, (t^7J»2) ~ i/°(P^,7J»2) is of form 

ai + a2X + asy + a-jx^ + asxyX a r~ tr 

2 where y — xs, and ai £ (L. 
04 + 052; + aey + a-jxy + a%y j 

We need the following lemma from algebra: 
Lemma 6.8. Let A he an integral domain and M : A^ — > A^ an A-linear map, given by the matrix M = 
' "^^^^ '^'^ element ^ ^"^ image of M if and only if S ~ det{M) divides both ag — cf 

and df — bg. 

Proof. The proof is obvious, using Cramer's rule in the quotient ring of A. □ 

Suppose an element | | '''^ | ^ "'''^2^ of i?°(p2,Tp2)|v„ is in the image of Mo- Then, by 
\ai + a^x + aey + ajxy + asyy ^ " ^ 

Lemma |6.8| , (04 + 050; + a^y + a^xy + ogy^) — .s(ai + a2X + asy + a^x'^ + a^xy) is divisible by x, and this is 

equivalent, using the condition y = xs, to 04 — sai ~ 0. This implies 04 ~ ai ~ 0. Hence 



7p2) : a4 = fli = 



H°(S T ) ^ / (^"1 + "2a; + asy + ayai^ + asxyX 
has dimension 6, and therefore, by (|^), /i^(S'i,7^J = /i^(P^, 7^1.2) = 0. 

Case 2. Blowing up two infinitely near points of P^. Let 177: ^7 — > Si be the blow-up of the point 
(x, s) — (0,0) e 5*1 (corresponding to the direction given by the line {y = 0} in P^). Then near the 
exceptional locus £ of (T7, 6*7 is covered by the following affine opens: 



Vq = Spec C [a;, u], where x — x,y = xs 
Vi = Spec C[s, z;], where x — sv,y — 



x^u 



xs = s^v 



V2 = Spec C[y,i], where x — yt,y ~ y. 
The exceptional locus £ is covered by Vq and Vi. We compute on Vq. The corresponding matrix is 

■^"= (2L ^^2) :C[x,up^C[x,u]^ 
Similar calculations as in Case |l| lead to 

H^S,,Ts,) ^ { ^2X + a32/ + a7X^ +asxy\ ^ jjOf^Si^TsJ: a, = o|. 

I \a5X + aey + a7xy + asy^ J J 

Therefore dim {St, Ts,) = 5 and so h\S7,Ts,) = h\Si,Ts,) + 1 = 1. 

For the rest of the cases, similar computations -using the description of configurations of at most 4 almost 



general points from §|3.2|- yield to the proof of the theorem. □ 
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7. Example of a X-trivial contraction 

Let Lp: X — > y be a if-trivial birational extremal contraction of a smooth projective 3-fold X, contract- 
ing a divisor C X to a point q €Y . Suppose _D is a normal rational del Pezzo surface of degree d > 5. 
The result of analytic rigidity shows that in order to know the analytic structure of the contraction if, it is 
sufficient to have one example for each possible exceptional divisor with the prescribed normal bundle. 

In the following, we construct an example of embedding a normal rational (singular) del Pezzo surface D 
of degree 7 into a smooth threefold X with the prescribed normal bundle Od{Kd), and hence, by Fujiki's 



contraction theorem (see Theorem 7.1 below), obtain an analytic contraction of D (i.e. a holomorphic map 
Lp: X — > Y onto a normal complex space Y that contracts D to a, point q £Y). Similar constructions can be 
carried out for each possible exceptional divisor D (any normal rational del Pezzo surface of degree d > 5). 

Let D be a normal rational del Pezzo surface of degree d = 7. By the results in §^|^, the minimal resolution 
I) of D is isomorphic to ^({^1,^2}), where p2 — >pi, pi = [1 : : 0] G and p2 = [1 : 0] e ¥{Tp,F^). 

First we construct a family X — > such that X is nonsingular, the central fiber Xq is isomorphic to D, 
and the general fibers of the family are nonsingular del Pezzo surfaces of degree d — 7 = degD. We will 
construct the family X cV"^ x as the closure of a family of blow-ups of 2 distinct points on . 

For this, consider the curve C = {xf — t{xi + xq) = 0, 0:2 = 0} C P^ x A"^. Over any t ^ 0, C has two 
points, while over t = it has a double point. The curve C defines a map $ ~ {(pt}t : P^ x A^ • • • ^ P*" x A^ 
with base- locus C, where (pt : P^ • • • ^ P*" is given by 

r 1 r3j-2 .2 3j-2 2 32 2.3j-2 22 2 l 

[xq : Xi : X2\ I — > [Xi — zXqXi — r Xq ~ t XqXi : X2 ■ XqX2 ■ XqX^ — iXq — zXqXi : xqX2 ■ X1X2 ■ X1X2 ■ XqXiX2\- 

Let X be the blowing up of P^ x A^ with center C. Then I ^^^^ define an embedding of X into 

P^ X A^. The ideal X defining X in this embedding is 

1 ~ {ge — bh, —hf + gd + th"^ + tch, —he -\- gc, p — ga — t^h? — th? ~ t^ch, ef — hg, 
fd- ah + thd, fc-h?, -g"^ + hf, de ~ h'^ + tc^ + tch, ea- hf + t^ch + t^c^ + tch, 
bd — hg + teh + tee, — + cb, cm — dh — ted, ba — fg + t^eh + t^ce + teg). 

For each t, X defines a surface Dt in P^. It can be verified by direct computation that the total space X of 
the family {-DtjfgAi is nonsingular and that Dt is nonsingular (actually a smooth del Pezzo surface of degree 
7) except in the case oi Dq = D and D-4, which are singular del Pezzo surfaces. In fact, for t ^ 0, —4, the 
surface Dt is the image (via the anticanonical embedding) in P^ of the blow up of the points [1 : Ai : 0] and 
[1 : A2 : 0] on P^, where Ai and A2 are the roots of the equation = t{u -t- 1). 

Since D is a fiber of the family X, its normal bundle Md/x — Od{D) in X is numerically trivial. 

In order to make the normal bundle isomorphic to Od{Kd), as required for a iiT-trivial contraction, we 
proceed as follows: 

Let C € I — Ko\ be a general member avoiding the singular point of D (it exists, because | — Ko\ is 
very ample). Let X be the blow-up of C on X, E the exceptional locus, D' the strict transform of D, and 
C :~ E\']j ~ C. Because Kx\d and Kd are numerically equivalent, it follows that Kx is numerically trivial 
on D'. Therefore Afo'/x is numerically equivalent to Od'{Kd'), and so, as in §||, Mu' jx — Od'{Kd')- 
Therefore we succeeded in embedding the del Pezzo surface D ~ D' into a nonsingular three-fold X such 
that its normal bundle is isomorphic to the canonical sheaf of D. We can now apply the following theorem 
(§ Th.2.]): 

Theorem 7.1 (Fujiki's Contraction Theorem). Let X be a complex space, A G X an effective Cartier divi- 
sor, B another complex space, and f : A > B a surjective holomorphic map. Assume that: 1. The conormal 

bundle M"^ I is f-positive, and that 2. i?^/,(A/'^^j^'^) = 0, for all v > 0. Then there exists a modification 
ij) : X — yY with i/jIa = f- Moreover, ip^{C) ~ Oy, where the coherent sheaf C is defined by 

O^C^Ox^Oa/ Mr Ob ^ Oa) 0. 
In our case A := D' ~ Z?, B is a point (hence C ~ Ox) and i?V*(A/'|/x'') - H^{D,OD{yKD)) = for 



all V (see Proposition 3.2 ) 



Therefore we have an analytic modification f/; : X — > Y contracting £) to a point q ^ Y , such that 
^\x^D -.X-D^Y-q, and i^^Ox = Oy 

Remark 7.2. A similar result is true in the category of algebraic spaces, based on a contraction theorem 
due to Artin (|, Cor. (6.10)]). 
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However, Fujiki's theorem doesn't guarantee a contraction in the algebraic category (i.e. the existence 
of a morphism X — >Y of algebraic varieties contracting D to a point). At the present we do not know 
how to construct in general algebraic morphisms that contract a singular del Pezzo surface embedded into 
a smooth 3-fold with the prescribed normal bundle to a point, i.e. how to obtain a i^T-trivial morphism 
ip: X — >Y onto a normal projective variety Y that contracts to a point q ^Y. In the case when D 
is nonsingular, the contraction of the zero-section of the total space of the normal bundle Mjnjx provides 
such an example. Although this gives a if -trivial contraction, it is not extremal. Namikawa constructs an 
example of a if -trivial extremal contraction (|^, Example 1]) with exceptional divisor D a nonsingular del 
Pezzo surface of degree 6 (i.e. a smooth cubic). 

Acknowledgement. The author would like to thank K. Matsuki for his advice and encouragement, and 
also M. Gross and J. Kolldr for helpful comments. 
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